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ABSTRACT

This paper studies the likelihood of the existence of a pure
Nash equilibrium (PNE) in random payoff graphical games.
Here, players are represented by vertices, they choose a
strategy in finite discrete sets of strategies, and the scope of
a player’s utility function is only local. In this setting, the
probability of existence of a PNE has been deeply studied
for various graphical structures when the number of play-
ers tends to infinity, but only in the two strategies-per-
player case: this paper extends these studies to an arbi-
trary number of strategies-per-player. We prove theoreti-
cally how more strategies-per-player makes the distribution
of the number of equilibria get closer to a Poisson distribu-
tion. We apply these results to various graph structures and
conclude with numerical experiments.
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Keywords
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1. INTRODUCTION

The Internet and networks have given rise to new eco-
nomic contexts where a large number of self interested play-
ers interact (e.g. crowd markets, routing networks): there
are growing interests for modelling and predicting what sit-
uations emerge when numerous rational behaviors interact
[15, 8]. The Nash Equilibrium (NE) is a fundamental stabil-
ity notion: no player has an individual incentive to deviate
from his current randomized strategy, and an NE always
exists. However, it is unclear why a player would adopt a
randomized strategy '. The Pure Nash Equilibria (PNE)
consider only deterministic strategies, but may exist or not.

"'When a player chooses a mixed strategy as a best response,
all strategies chosen with a non-zero probability are already
necessarily a pure strategy best response for this player [16].
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In many cases, the utility functions of players do not de-
pend on all other players, but only on a subset. Graphical
games (GG) provide representations of multiplayer games
involving large populations of players when influences among
them are local [13, 12]. In a GG, each vertex is a player, and
a player’s utility function depends only on the strategies of
his neighbors and his own strategy. The computation of a
PNE in classes of GGs with bounded treewidth has been
deeply studied [9, 2, 5, 18]. It has been proved [11] that a
problem-class of PNE-GG is polynomially tractable iff this
problem-class has a bounded treewidth. Otherwise PNE-
GG is NP-Complete.

The existence of a PNE can be investigated by using prob-
ability measures with random payoffs and for a fixed (or ran-
dom) graph. The distribution of the number of PNE in gen-
eral games with random payoffs has already been studied in
the following settings in n players matrix-games (i.e.: com-
plete support graphs) [7, 17]. For short, in matrix games the
probability of PNE tends to 1 — 1/e when the strategy sets
of at least two players tend to infinite sizes. For massive net-
works of players, these studies are more interesting when the
number of players n tends to infinity: The most recent re-
sults about GGs with various graph structures, when n tends
to infinity and 2 strategies-per-player [6, 3, 10] are summa-
rized in the Section 3. Our work extends these asymptotic
studies (when the number of players tends to infinity) to the
o > 2 strategies-per-player case, with various graphs.

2. PRELIMINARIES

Given a set V, let the power set P(V) be {W|W C V},
and let P (V) denote {W|W C V,k = |W|}. In an unori-
ented graph G = (V, E), the set of vertices is V, the set
of edges is E C P2(V), and the cardinality of |V| is de-
noted by n. Let the neighborhood of a vertex v be N (v) =
{w € V|{w,v} € E} and let M(v) denote N'(v)U{v}. More
generally, for all subset of the vertices W C V, let the neigh-
borhood of W be N (W) = (Uwew N (w))\W, and let M (W)
denote N (W)UW. The degree of a subset of vertices W C V
is §(W) = |[N(W)|. Given a subset of vertices W C V, the
subgraph G(W) is the restriction of G to the vertices W and
the edges contained in W.

Definition 1. A graphical game (GG) is formally defined
by a tuple I' = (G = (V, E),S = {Sv }vev, (tv)vev). In the
graph G = (V, E) (also called support graph), each ver-
tex represents a distinct player. A player v in V chooses a
strategy s, in his finite discrete set of strategies S,. The
utility function u, of each player, is local. In other words,



Uy * HwEM(U) Sw — R depends only on the strategies of
the players in the neighborhood of player v, and on his own
strategy.

For every subset W C V| let us denote sy the elements of
the cartesian product Sy = HwEW Sw. We will name lo-
cal strategy profiles, the elements sa(v) of Saq(vy and global
strategy profiles, the elements sy (or s, for short) of the
cartesian product Sy (or S, for short). Given a global strat-
egy profile s € S, we will use the notation sy to denote the
projection of s to Sw. We fix 0 € S to be one particular
global strategy profile. Each payoff u, (saq(v)) can be defined
arbitrarily in R, for each player v, and each local strategy
profile spq(y)-
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Figure 1: The Chicago-Game

Ezample 1. In the Chicago-Game (Figure 1), each player
is the owner of one block of land, and must choose what to
build among those strategies: a garden, a residential com-
plex, a factory, a school, a museum, or a shopping mall.
The payoff function of a building is local: For instance,
between two factories, one would prefer to build a garden
rather than a residential complex, but between some gar-
dens and a school, one would prefer to build a museum.
Will the owners agree on a building plan?

A player, given his neighbors’ strategies, is considered in-
dividually stable, when his strategy is already maximizing
what he can individually get for himself.

Definition 2. (Best response function, BRF). Player v’s
best response function BR,, : SN(U) — S, associates to each
strategy profile spr(,) the best response strategies:

BRu(sn(v)) = argmax, cg {tv(Sn(v), sv)}

Definition 3. (Pure Nash equilibrium, PNE). A pure Nash
equilibrium is a global strategy profile s such that all players
are playing a best response:

sy € BRy(sp7(v)), for all player v.

In this setting, to study if a pure Nash equilibrium is likely
to exist, we can use a probability measure.

Definition 4. (Random payoff graphical game, RPGG).
We fix a support graph G = (V, E) and a family of discrete
strategy sets S = { Sy }vev for the players. Given G and S, a
Random Payoff Graphical Game is a GG in which the payoffs
Uy (Spm(v)) are drawn uniformly and independently in the
continuum [0, 1], for all v € V' and for all sx4(v) € Sp). It
defines a probability measure Pg s over the GGs of support
graph G and strategy sets S = {Su }vev.
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Drawing the payoffs uniformly and independently is moti-
vated by the simplicity of this model for payoffs.

Given Pg,s, let us now consider for each global strategy
profile s and each player v, a random variable X, , € {0,1}
which value is 1 iff s, € BRy(Sa7(v)); it indicates whether v
plays a best response in the global strategy profile s. Let us
consider for each s € S, a random variable Y; € {0,1} which
value is 1 iff the global strategy profile s is a PNE. We have
Y: = minyev Xs,,. We will abuse notation X, to denote
the event X, , = 1. Similarly, Ys = Nyev Xs,» will denote
Ys = 1. The general purpose of this paper is to study the
distribution Z = Zse 5 Ys describing the number of PNE
with respect to Pg,s, given different graphs G and strategy
sets S = {Sy }vev.

REMARK 1. The fact that a global strategy profile s is a
PNE, depends only on the BRFs. One must not care about
the precise values of the utilities.

REMARK 2. Let us denote o, the finite cardinality num-
ber |Sy|. Given sy (v, since the utilities {u,(sxr(v), 5“)}suesv
are drawn uniformly in a continuum [a, 8] (with o < ) and
independently, and since o, is finite, then the best responses
are always singletons®, and we have Pg .s(Xs0) = oy *.

REMARK 3. Given a support graph G and strategy sets
S = {Sv}vev, considering the measure Pa s, the distribu-
tions of Xsw, Ys and Z depend only on G and S.

REMARK 4. The semantics of the strategies in the finite
strategy sets do not matter. Let us assume that all players
have the same number o > 2 of strategies. The distribution
of the random variables Xs ., Ys and Z with respect to Pg.s
are the same as distributions with respect to a probability
measure denoted by Pg .

This paper studies the probability of existence of a PNE
Pe,-(Z > 0), given support graphs G and numbers o of
strategies-per-player. Massively multiplayer games have mo-
tivated deep researches towards asymptotic studies over the
number of players. In graph sequences (Gn)nen where the
graphs have a particular structure (e.g. paths, trees, grids,
.., random) and n = |V| denotes the number of players, it
has been shown how the structure of the graph influences
the limit of Pg,, ,2(Z > 0) as n tends to infinity [6, 3]. The
next section summarizes those results. Recent experimental
evidences indicate that the number of strategies-per-player
o can strongly impact the convergence of Pg,, .«(Z > 0) asn
tends to infinity [10]. We will give theoretical explanations
for the impact of the number of strategies-per-player.

3. PREVIOUS RESULTS

We summarize here the most important results of the lit-
erature [6, 3] concerning the probability of existence of a
PNE in random payoff graphical games. While Theorem 1
gives a condition that makes PNE unlikely as n — 400, The-
orem 2 gives a condition which makes the number of PNE
get close to a Poisson(1) distribution, implying Pg,, 2(Z >
0) >1—1/e as n — +oo.

2Given a countable set of random variables {U;}ien drawn
uniformly and independently in a continuum [a, ] (with
a < f3), the probability that at least two different variables
U; and Uj are equal, equals 0.



3.1 Players with 2 strategies:
a condition for PNE impossibility

The following theorem is based on small witnesses of equi-
librium impossibility: if two interracting players can never
agree, then there is no chance to have a PNE. A number m
of such two-players games makes the bound in Theorem 1.

Definition 5. (d-Bounded Edge.) In a graph G = (V, E),
a d-Bounded Edge is an edge e = {a,b} such that both a
and b have degrees bounded by d.

THEOREM 1. [3, 4] (Likelihood of impossibility witnesses.)
Let G be a support graph with at least m d-bounded edges
without any common vertices. We have:

(-())
exp (—m (1/4)")

In consequence, in numerous structures of support graphs
holding a number m = Q(n) of d-bounded edges (for in-

Pa2(Z >0) <

IN

stance: paths, rings, bounded degree trees, ...), with 2 strategies-

per-player, the probability of having a PNE tends to 0, as
the number of players increases (which seems close from em-
pirical evidence [6, 10]). The present writing of Theorem
1 is different from the original one [3] because we discov-
ered a small flaw in the proof of the original theorem, and
Daskalakis et al. answered by a more carefull analysis [4]
and this new version of Theorem 1. Following this, a nat-
ural way to approach our problem would be to generalize
Theorem 1 to the o > 2 strategies-per-player case. How-
ever, we will take a different direction, due to the fact that
in our context (¢ > 2), the convergence rate to 0 of such a
bound is so slow that it has almost no consequence on Z.

3.2 The influence of the number of strategies

Some experimental evidences indicate that the number of
strategies-per-player o strongly impacts the convergence of
Pc,.o(Z > 0) [10] (see Figure 2). It has been observed
that in square-grids, the probability Pg, 2(Z > 0) (e.g.
o = 2 strategies-per-player, which would fulfill the assump-
tions of Theorem 1) decreases as the number of players n
grows, whereas Pg, 4(Z > 0) (e.g. o = 4 strategies-per-
player) seems to behave more like a Poisson(1) distribution
3. Therefore, it is not satisfying to study only the case where
the number of strategies-per-player is o = 2. We reproduced
the experiments, with 5000 random payoff graphical games
for each n and each o, and obtained the Figure 2. We the-
oretically explain the influence of the number of strategies-
per-player in the next sections.

3.3 Players with 2 strategies:
number of PNE and Poisson

The following Theorem 2 gives a connectivity condition
(named “expansion”) which makes the number of PNE get
close to a Poisson(1) distribution.

Definition 6. (Total Variation Distance.) The total vari-
ation distance * between two discrete probability distribu-

3Recall that 1 — 1/e ~ 0.6321

4Although this definition slightly differs from the previous
literature [[3]], by a constant (1 —1/e)™!, a tighter use of the
Lemma 2 [1] allows us to add this constant without changing
the writing of the previous literature and what will follow.
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Figure 2: Proportion of square-grids having a PNE,
as the number of players grows, with different num-
bers of strategies-per-player o.

tions Z and T over N is defined by:
d(2,T) = (1= 1/e) " (1/2) S [B(Z = k) — B(T = )|

k>0

Definition 7. (Poisson(1) Distribution.) A discrete distri-
bution T over N is a Poisson(1) distribution iff:

11
Vk e N, k)= o R

REMARK 5. Let us consider a random variable Z over N,
a Poisson(1) distribution T, and a bound B € Rx¢. If the
total variation distance d(Z,T) is upper-bounded by B, then
P(Z>0)isin [(1-2)1-B),(1-2)(1+ B)].

Definition 8. ((«, 8)-Expansion.) The expansion of a sub-
set W CVisE(W)={veV:3weW with {w,v} € E}.
A graph G = (V,E) is said to have (a,3)-expansion iff,
whatever the subset W C V,|W| < [B|V|], it expands into
o times more vertices, that is: |E(W)| > min{[a|W]], |V}.

THEOREM 2. [8] (Convergence to Poisson(1l) under suf-
ficient expansion.) Let G be a support graph with n ver-
tices, and an € > 0. If G has (o, 1/a)-ezpansion with o =
(1 +¢)logy(n) then:

d(Z,T) <272 4+ (exp(n~ %) — 1)

where Z is the distribution of the number of PNE under
Pe,o, and T is a Poisson(1) distribution.

There are also results about random graphs drawn from
the Erdés-Renyi model G(n,p) (where n is the number of
vertices and p € [0,1] is the probability for an unoriented
edge to exist), it is shown that when there is an € > 0 such
that ¢/n? < p < (1 — ¢)In(n)/(2n) (medium connectivity)
the probability Pg,, 2(Z > 0) converges to 0, and when p >
2(1 + ¢)In(n)/n the distribution Z of the number of PNE
converges to a Poisson(1) distribution, as n — +o0.

3.4 Players with same number o of strategies:
the particular case of bipartite graphs
We summarize now results concerning specifically (aug-
mented) bipartite support graphs [6], with respect to Pg o
(where there are o strategies-per-player).



THEOREM 3. [6] Let G, = K(V,,V;2) be a sequence of
complete bipartite graphs with |V, U V2| = n vertices. If
|V.H| and |V;2| are unbounded as n — +oco, then:

Pg,o(Z>0)—1—-1/e, as n — +o0.

Definition 9. A graph G = (V' UV? E) is an augmented
bipartite graph AK (V', V2, E) if no pair of nodes in V? are
connected by an edge, each node in V? is connected to all
nodes in V!, and nodes in V! are arbitrarily connected.

THEOREM 4. [6] Let G, = AK,(V.H, V2, E,) be a se-
quence of augmented bipartite graphs with |V;t| = m and
Vi UV2| =n. If n/3 —m tends to 400 as n — +oo, then:

P, o(Z>0)—1— (1= (1/0)™)°", asn — +oo.

4. STRATEGIES, CONNECTIVITY
AND POISSON DISTRIBUTION ON PNE

In order to generalize Theorem 2 to the o strategies-per-
player case, we will need the technical Lemma 1 to give us a
refined upper-bound on the distance between the number of
PNE and a Poisson(1) distribution. This technical lemma
will let us demonstrate two contributions:

e If the support-graph is connected, then more strategies-
per-player can only make the number of PNE get closer
to a Poisson(1) distribution.

e Under some (o, g, r)-connectivity property which is less
demanding when there are more strategies-per-player,
the number of PNE converges to a Poisson(1) distri-
bution when the number of players n tends to infinity.

4.1 A technical lemma

We first write a technical (counterintuitive) lemma giving
an upper bound on the distance between the distribution of
the number of PNE (given P¢,») and a Poisson(1) distribu-
tion. The proof of Lemma 1 is in Appendix A.

Definition 10. Let Q(V) C P(V) denote:

_ . W#£0, MW)#V,
Q(V)f{WCV. VoeV, Nv) CMW)=veW
LEMMA 1. (Strong version.) Let G be a graph and let o
be the number of strategies-per-player. Let T denote a Pois-
son(1) distribution. Recall that for every subset of vertices
W C 'V, the degree 6(W) denotes |IN(W)|. We have:

d(Z,T)gZa*‘S(”ML > e

veV WeQ(V)

For simplicity, a weak version of this lemma can be obtained
by: instead of summing over W € Q(V), summing over
the superset {W C V: W # 0, M(W) # V}. While the
weak version of Lemma 1 will let us demonstrate theoretical
results in this section, the strong version will enable us to
provide refined bounds for some graphical structures.

4.2 Connectivity and Poisson on PNE

Recall that N (W) = Upyew N (v)\W and §(W) = [N (W)].
The conditions of the following Definition 11 state that ev-
ery non-empty subset of vertices W has at least A other
neighbors. Higher is A, more the graph is connected.
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Definition 11. (A-neighborhood property.) We say that
a graph G = (V, E) has the A-neighborhood property if for
every non-empty subset W C V:

W] <n—A=5W)>A

W|>n—-A=>WUNW)=V

REMARK 6. The 1-neighborhood property and connectiv-
ity are equivalent. Indeed, if a graph G = (V,E) is con-
nected, then all non-empty subsets W C V' are connected to
V \ W and therefore have at least one neighbor. If a graph
G = (V,E) has the 1-neighborhood property, it is always
possible from any vertex v to make a connected component
W D {v} grow iteratively to any other vertez w.

REMARK 7. Given a graph G, by Menger’s Theorem [14],
G has the A-neighborhood property iff G is A-vertex-connected
(ie: between every pair of vertices, there are at least A
vertez-disjoint paths).

The logarithm with basis ¢ is denoted by log, (z).

THEOREM 5. (A-convergence.) Let G be a graph and let
o be the number of strategies-per-player. Let T be a Pois-
son(1) distribution. If G has the A-neighborhood property,
then:

d(Z,T) <no 2 +2"0c 2

Therefore, if G is connected, then it has the 1-neighborhood
property, and then more strategies-per-player can only make
the number of PNE Z get closer to a Poisson(1) distribution.
Moreover, considering a sequence of support graphs (Gn),,cy
such that G, has the A,,-neighborhood property and denot-
ing the number of PNE with respect to Pg,,» by Zn, if
A, >log,(2)(1 + €)n for some real constant £ > 0, then:

Ad(Zn, T) < n27" 427"
d(Zn, T) — 0asn— 4o

PROOF. The bound no™® + 2"¢~? is a simple conse-
quence of the weak version of Lemma 1, combined with the
A-neighborhood property. Remark 6 and some calculus give
the other consequences. []

4.3 (o,q,r)-connectivity and Poisson on PNE

The following Theorem 6 refines the Theorem 5 by formu-
lating a condition which makes the number of PNE tend to
Poisson(1) as the number of players tends to infinity.

Definition 12. ((o,q,r)-connectivity.) Let G be a graph
and let o be the number of strategies-per-player. The graph
G is (o, g, r)-connected iff:

YW C V, 6(W) > min{a|W|,|V|}
with a = (14 ¢)log,(n) + r and ¢ > —1 and r > 0.

THEOREM 6. Let G be a graph and let o be the number
of strategies-per-player. Let T be a Poisson(1) distribution.
If G is (o, q,r)-connected, then:

d(Z,T)<n % "+ (exp(n %0 ") — 1)
Therefore, considering a sequence of support graphs (G»),, cy»

with a, = (1+ ¢) log, (n) + 7y, and denoting the number of
PNE with respect to Pg,,,» by Z,, we have:



1. If ¢ > ¢ for some real constant € > 0 and 7, > 0,
Then d(Z,,T) — 0 as n — +00

2. If r, = 400 asn — +oo and g > —1,
Then d(Z,,T) — 0 as n = +00
PRrROOF. From the weak version of the Lemma 1, we have:

n—1 M(W)#V

—5(v) —5(W)
<2 Y X o

VeV k=1 WeP (V)

First, since G is (o, ¢, r)-connected, we have:
S 6700 < § g s (41) =
veV veV

Second, we also have:

M(W)#£V
Z oM < (Z)U((l+q)10ga(n)+r)k
WePL(V)
k —q )k
n* gk e _ (n7077)"
S Tt 7 TR

By identifying the power series of exp (n

_ _ r)k

7qafr), we have:

M

<exp(n ") -1

o

The other consequences follow directly. []

The conditions of the Theorem 6 formulate an expansion
of every subset of vertices. As o grows, these conditions are
easier (since log, ,,(z) < log, (x)) and the bound on d(Z, T')
is smaller, speeding up the convergence when n tends to
infinity. The (o, g, r)-connectivity is a too strong condition
for graphical structures like rings, paths, trees, and grids.

S. DETERMINISTIC GRAPHS

Rings, paths, binary trees, Halin graphs (obtained from a
binary tree by adding one big cycle on its leaves), square-
grids and many other deterministic support graphs do not
fulfill the conditions of the Theorem 6. However, they still
seem to exhibit a Poisson(1) behavior for the PNE number,
when the number of strategies-per-player o is greater than
two. In fact, for these structures, most subsets W C V are
highly connected and only a few subsets W C V have a small
number of neighbors: it calls for a refined use of Lemma 1.

We will do experiments for various numbers n of play-
ers and o of strategies-per-player: We compute the intervals
given by Lemma 1° and an estimation of Pg,»(Z > 0). These
intervals, denoted by [inf, sup|, are evaluated for rings and
paths by the combinatoric bounds of Theorems 7 and 8 (see
Appendix B), unknown for binary trees and Halins, and for
square grids: exactly computed, from Lemma 1. Bounds be-
low 0 or above 1 are marked by ‘-’. Each Pg,»(Z > 0) value
(denoted by ‘P’) is estimated by 200 random instances that
are solved by the junction tree algorithm or SAT solvers.
Intractable sizes are marked by ‘-’

"Recall that d(Z,T) < B implies Pg,(Z > 0) €
(1-3)(1-B),1-)1+B).
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5.1 Rings and paths

The following Theorems 7 and 8 (based on Lemma 1) give
bounds on the distance between the number of PNE and a
Poisson distribution in rings and paths.

THEOREM 7. (Distance to Poisson(1) for Rings.) Con-
sider a random payoff GG with a ring support graph G =
(V,E) (that is: V.={1,...,n} and E = {{i,i + 1} }1<i<n U
{{n,1}}) and with o strategies per player. We have:

d(Z,T) < no >+ 2(cosh(no™") —1)

THEOREM 8. (Distance to Poisson(1) for Paths.) Con-
sider a random payoff GG with a path support graph G =
(V,E) (thatis: V ={1,...,n} and E = {{i,i+1} }1<i<n—1)
and with o strategies per player. We have:

d(Z,7) H-1)

We compare the combinatoric bounds of Theorems 7 and
8 (see the proofs in Appendix B) to an experimental esti-
mation of Pg,,(Z > 0) (Table 1). The theoretical bounds
seem to really overestimate the distances between Z and a
Poisson(1) behavior for P -(Z > 0). Therefore, the simple
existence of these bounds seems to be already a good indica-
tor of a Poisson(1) behavior. In rings and paths, a growth on
the number o of strategies-per-player appears to slow down
the convergence, as n tends to infinity, of Pg,«(Z > 0) to 0,
as indicated by Theorems 7 and 8.

< 207" +no"? + 2(exp(no”

5.2 Binary trees and Halins

Table 2: Estimations of the likelihood of PNE exis-
tence Pg,,(Z > 0) in binary trees and Halin graphs

binary trees Halin
o\n 15 31 63 15 31 63
2 0.46 | 0.22 | 0.04 || 0.48 | 0.24 | 0.04
3 0.46 | 0.16 | 0.04 || 0.50 | 0.35 | 0.10
4 0.41 | 0.21 | 0.01 || 0.59 | 0.44 | 0.19
5 0.46 | 0.17 | 0.08 || 0.64 | 0.49 | 0.24

Paths and rings differ by the two leaves, their dispari-
tions making Pg,»(Z > 0) grow faster when o grows (Table
1). Similarly, binary trees and Halin graphs only differ by
the degrees of the (n + 1)/2 leaves. As o grows, the like-
lihood Pg,»(Z > 0) grows faster in Halins than in binary
trees (Table 2). The negative impact on the convergence of
Pg,-(Z > 0) to 0 as n tends to infinity, is stronger in Halins.
Poorly connected leaf-players can create instabilities.

5.3 Square-grids

Table 3: Bounds for the likelihood of PNE existence
Pg,-(Z > 0) in square grids

inf sup inf sup inf sup
o\n 16 25 36

6 0.271 0.993 | 0.185 - - -

8 0.472 0.793 | 0.450 0.814 | 0.276 0.988
10 | 0.543 0.721 | 0.535 0.729 | 0.459 0.806
12 | 0.576 0.688 | 0.572 0.692 | 0.532 0.732
14 0.594 0.671 | 0.592 0.673 | 0.569 0.696
16 | 0.604 0.660 | 0.603 0.661 | 0.589 0.676




Table 1: Estimations of the probability of PNE in rings and paths, and the intervals of Theorems 7 and 8

Rings inf P sup inf P sup inf P sup inf P sup inf P sup
o\n 4 8 12 16 20
6 0.562 0.63 0.702 | 0.140 0.53 - - 0.50 - - 0.47 - - 0.33 -
10 0.607 0.62 0.657 | 0.455 0.64 0.809 | 0.099 0.60 - - 0.55 - - 0.45 -
14 0.619 0.68 0.645 | 0.542 0.69 0.722 | 0.361 0.61 0.904 | 0.070 0.66 - - 0.60 -
18 0.624 0.63 0.640 | 0.577 0.66 0.687 | 0.468 0.67 0.796 | 0.294 0.67 0.970 | 0.050 0.58 -
Paths 4 8 12 16 20
6 - 0.65 - - 0.51 - - 0.36 - - 0.36 - - 029 -
10 0.095 0.68 - - 0.55 - - 0.52 - - 0.47 - - 0.41 -
14 0.255 0.67 - - 0.63 - - 0.49 - - 0.46 - - 0.48 -
18 0.341 0.69 - 0.005 0.58 - - 0.60 - - 0.55 - - 0.51 -

We evaluate in square-grids the bounds from Lemma 1 8(1):134-145, 1970.
by computing the vector o = {W € Q(V)[6(W) = k}|, [8] D. Easley and J. Kleinberg. Networks, crowds, and
k € [0,n]. It enables to evaluate the bounds [inf,sup], for markets. Cambridge Univ Press, 2010.
whatever o, at a same computational cost (Table 3). As [9] G. Gottlob, G. Greco, and F. Scarcello. Pure Nash
indicated by the experimental evidences (Figure 2, Table 3), equilibria: Hard and easy games. In TARK-03, pages
the number o of strategies-per-player has a strong impact 215-230. ACM, 2003.
on the likelihood of a PNE: a small growth on o seems to [10] A. Ismaili, E. Bampis, N. Maudet, and P. Perny. A
almost negate the convergence of Pao(Z > 0) to 0 as n study on the stability and efficiency of graphical
tends to infinity, and the number of PNE becomes bounded games with unbounded treewidth. In proceedings of
to a Poisson(1) distribution. AAMAS, 2013.

[11] A. Jiang and M. Safari. Pure Nash equilibria:
6. CONCLUSIONS complete characterization of hard and easy graphical

This paper gives theoretical explanations about the inter- games. In AAMAS, pages 199-206, 2010.
play between the graphical structure, the sizes of the strat- [12] M. Kearns. Graphical games. In Algorithmic Game
egy sets and the probability of existence of a PNE, in games Theory, chapter 7. Cambridge, UK: Cambridge
with independent random payoffs. While for two strate- University Press, 2007.
gies per player the existence of a PNE is unlikely for many [13] M. J. Kearns, M. L. Littman, and S. P. Singh.
graph structures [6, 3, 10], a reasonable growth of the num- Graphical models for game theory. In UAI 2001.
ber of strategies makes this likelihood behave more like a [14] K. Menger. Zur allgemeinen kurventheorie. Fund.
Poisson(1) distribution: when the number of players goes to Math., 10:96-115, 1927.
infinity in (0, ¢, 7)-connected graphs, and when the number [15] N. Nisan. Algorithmic game theory. Cambridge
of players is fixed in some graphs (rings, paths, square-grids). University Press, 2007.

The next perspectives are to study random support graphs [16] C. H. Papadimitriou. The complexity of finding nash
(like the models from Erdos-Rényi, Barabdsi-Albert, and equilibria. In Algorithmic Game Theory, chapter 2.
Watts-Strogatz) different numbers of strategies per player, Cambridge, UK: Cambridge University Press, 2007.
correlated payoffs, and evolutionary solution concepts. [17] 1. Y. Powers. Limiting distributions of the number of
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APPENDIX
A. PROOF OF LEMMA 1

The proof of Lemma 1 relies on a convergence lemma to
Poisson(1). By using this convergence lemma, we demon-
strate the intermediate technical Lemma 3, to get rid of the
probabilites. Using this intermediate technical Lemma 3, we
achieve the proof of Lemma 1.

A.1 Convergence lemma to Poisson(1)

We first remind the same convergence lemma used in [3],
which comes from [1]. For simplicity, it is presented with
the notations of its upcoming present application.

LEMMA 2. Let {Yi}ses be a set of Bernoulli variables
with Z = Y7 ¢ Ys such that E[Z] = 1. For each Ys, we
define the neighborhood of dependence Ds C S to contain
(at least) all the variables Y; from which Ys is not indepen-
dent. Finally, let T be a Poisson(1) variable and d(Z,T) the
total variation distance between Z and T. Then we have:

d(Z,T) < by + bs

where:

=3 PP

sESteED

=2 2

s€S teD,\{s}

P(YsNY;)

A.2 Intermediate technical lemma

Recall that G = (V, E) is a support graph and that the
discrete strategy sets S, all have the same cardinality o.
For each global strategy profile s € S, the Bernoulli variable
Y, is the indicator that s is a PNE. The distribution Z de-

scribes the number of PNE with respect to Pg .. We have
]EG,o- [Z] = ZseSEG,U [Ys} =o"xo "=1 6_

LEMMA 3. Let G = (V,E) be a graph and let o be the
number of strategies per player. With respect to Pq o, let
Z be the distribution of the number of PNE and let T be a
Poisson(1) distribution. We have:

n—1
o "|Do| +0™" Z |D§|o*
k=1

d(Z,T) <

where:
Do={s€S:3weV,snw) =0nw}

is a function of G and o, and so is:

D’Sz{ses\{ﬂ}: Yo € Vsnw) = Onw) = so =0 }

[{v € Visnw) = Onw}l =k

We know no intuitions about the subsets Do, DE C S,
they are technical.

PROOF. Proof of the Lemma 3. Now, in order to use the
Lemma 2, for each s € S, we need to define the “neighbor-
hoods of dependence” of Yy, denoted by Ds.

First, remark that for a given player v and two global ac-
tion profiles s and t, if sxr(v) # tar(v), then the best response

SRecall that the mathematical expectation of a random vari-
able is not always a good indicator of its “center”.
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indicators X;, and X, are independent. Similarly, if for
all players v we have sxr(v) # tar(v), then Ys and Y; are in-
dependent. So, for a PNE indicator Y;, it is sufficient for
Lemma 2, to define this neighborhood of dependence:
Ds={teS: e V,snw) = t,'\f(v)}

Remark that the sets Ds have the same size, whatever s € S.
Let us denote 0 € S one fixed global strategy profile. Then,
using Lemma 2, we have:

=3 >  PY,)P(Y;) =0"|Dolo "0 " =0 "Dy
seSteDg
Now let us proceed with b2. Remark that:

b ST Peo(YanYy

teS seDy\{t}

> Pao (Vi)

tes

> Poo(Yilvh)

s€D¢\{t}

o'y Y P (YY)

teS se D\ {t}

(1)

For a term in the sum 1, that is for a fixed ¢t = 0 in S, we
have by the definition of Ys; and by the independence of the
players’ preferences (even conditionally to Yp):

Z PG’U(YS‘YO) Z ]PG,O'(QUEVXS,UIYO)

s€Do\{0} s€Do\{0}
[ Peo(x

>

s€Do\{0} veV

For a term in the sum 2, that is for a fixed s € Do \ {0}
and for a fixed v € V, we have exactly one of the following
(about Pg o (Xs,0|Y0)):
o If spr(v) 7# Oar(v) then Yy gives no information and then
P60 (Xs,0|Y0) = Pa,o (X, -
o If sprv) = Opr(w) and s, # 0y, since best responses are
singletons, then Pg o (Xs,,|Yo) = 0.

) (2)

v):U

o If SM(U) = 0./\/1(1;)7 then PG,U(Xs,vD/E)) =1.
To summarize:

> J[Perx

s€Do\{0} veV

s,leO)

YvoeV
_ Z I sn(o) = Ono) oHVEVEs A () =0N (o) H =1
s€Do\{0} = 5y =0y

That is why we refine the notation Dy = {s € S : Jv €
V., sar(v) = Onr(v)} by introducing the notations DE for k =
1,...,n, defined by:

DS:{SeS\{o}:

and then we have:

> Pao(Yi|Yo) =

s€Do\{0}

Yv €V, SN ) = On(v) = S0 = 0y }
H{v eV, SN (v) = ON(U)}| =k

o Z |Dgo"
And generalizing by symmetry, to any ¢t € Sy:

o " Z Z Pa,o (Ys|Y:)

teSy se D\ {t}

n—1
o "ot Z |D§ \Uk_"
k=1

ba



O

which completes the proof of Lemma 3.

A.3 Achieving the proof of Lemma 1
Recall that by Lemma 3, we have:

n—1
d(Z,W) <o "Do| +0 "> |Dglo"

k=1
First, to upper-bound |Dy|, we cover the set Dy roughly:
Do C U {s €S :snw) = 0_/\/(1))}

veV

which lets us upper-bound |Do| by 3, o™ and ¢ " | Do|
by > ev o~ We now proceed with DE. Recall that:

We cover D by identifying the subsets W C V of k vertices
such that syr,) = Oar(v). Remark that by the definition of

Dk, for all vertices v in one of these subsets W C V, since
SN (v) = Oaro) then s, = 0,. Then we can cover Dé“ by:

U {SGS\{O}:SM(W):OM(W)}
WePE(V)

Then, since we lose [M(W)| = §(W) + k degrees of freedom
for s € S'\ {0}, we have for 1 <k <n—1:

M(W)£V

>

WePL(V)

Vv €V, sn ) = On(v) = 8o = 0y

k _ .
D°*{5€S\{O}' {v € Visney = OxoH = k

Dj C

IDE| < o (B(W)+k)
Summing completes the proof of Lemma 1, weak version:

n—1 n—1 M(W)#V

o "> IDglet < >0

k=1 k=1 WeP,(V)

—5(W)

For the strong version of Lemma 1, we need to consider
the constraints syr(v) = Onr(v) = Su = 0y of DE. Given
one of these W € Py (V), if a vertex v has its neighborhood
N (v) included in M(W), then spr(v) = Opr(v), and the vertex
v turns out to be one of the exactly k vertices such that
SN’ (v) = Oar(w). Therefore v is necessarily in W. Let us
define Qr (V) C Pr(V) to be:

W=k AN MW)#VA
YoeV, Nv) CMW)=veW

Then, we have for 1 <k <n—1:

>

WeQr(V)

(V) = {WCV:

|D§| < 0_717(5(W)+k)
Since Q(V) = U;crcn_1 Qx(V), summing over k achieves
the proof of Lemma 1, strong version. [

B. PROOFS OF THE THEOREMS 7 AND 8

Proof of Theorem 7. In order to prove Theorem 7, recall
that by Lemma 1 (strong version), we have:

d(Z,T) < Za—é(1l)+ Z 0_6(W>
veV weQ(V)
2

Since we are in a ring, > . o™ is evaluated to no 2.
For the second quantity, given W in Q(V), let v(W) be the
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number of connected components (CC) of G(W), and let
QWP/(V) = {W € Q(V)|y(W) = p} be the elements of Q(V')
with v(W) = p connected components. Since each CC (the
black vertices in Figure 3) induces two neighbors in the ring
(the green and red vertices in Figure 3) and §(W) = 2v(W),
the second quantity can be upper-bounded by:
[n/5] n—3p
—2p - —2p
o = pgl 2( % )0’

n—1

DALY ‘Q(“(V)‘

weQ(V) p=1

In the right-hand of this equality, we enumerate the cardinal-
ities ‘Q(”)(V)‘ by choosing 2p alternating green/red separa-
tors among the vertices, to build the CCs of W, as in Figure
3 (green opens a CC, and red closes it). Each CC contains at
least one vertex, and since N (v) C M(W) = v € W then
we must have at least two vertices between a red-closing
and a green-opening. Therefore, the choice of separators
can be done in an abstract ring of n — 3p vertices, and

‘ Q(p) (V)' — Q(nfjp)_

2
allow CCs containing the vertices 1 or n (ie: reds open and
—1,52
greens close). A calculus: (";;’p)of% < % and the
power series of the cosh function concludes the proof.
Proof of Theorem 8. In this second proof, > _,, o0 =

The enumeration is done twice, to

207! + (n — 2)07? and the number of CCs is enumerated
by four different cases, displayed on the right of Figure 3.
The first is when 1 ¢ W An ¢ W. It sums up to less
than cosh(no ') — 1. The second and third cases are when
leWAné¢ Worlé¢& WAn € W. They use 2p — 1
separators and sum up to less than 2sinh(ne™'). In the
fourth case, when 1 € W An € W, there are at least p > 2
CCs, and this case is therefore bounded by cosh(no™*) — 1.

d(Z,T) < 20" +(n—2) >
n—1
. <n—p—22(p— 1))0_%
p=1 P
n—1
n—p=2p—1)) _2-1)
2
S ( ),
p=1
n—1
N n=p=2(p=1)) (22
2p — 2

Figure 3: Combinations of separators in rings and

paths: the light-green neighbors open black con-
nected components of W, which are closed by the
dark-red neighbors.





