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ABSTRACT

In the context of single-winner ranked-choice elections between
m candidates, we explore the tradeoff between two principles that
are essential to constitutional democracies: the majority principle
(maximizing the social welfare) and the minority principle (safe-
guarding minority groups from overly bad outcomes). To measure
the social welfare, we use the well-established framework of metric
distortion subject to various objectives: utilitarian (i.e., total cost),
a-percentile (e.g., median cost for ¢ = 1/2), and egalitarian (i.e.,
max cost). To measure the protection of minorities, we introduce
the k-Droop minority criterion, which requires that if a sufficiently
large (parametrized by k) coalition T of voters ranks all candidates
in S at the bottom (in any order), then none of the candidates in
S should win. The parameter k allows the criterion to interpolate
between the minimal requirement that the winner must not be
ranked last by a strict majority (when k = 1) and the strongest
protection from bottom choices (when k = m — 1). The highest k
for which the criterion is satisfied provides a well-defined measure
of minority protection (ranging from 0 to m — 1).

Our main contribution is the analysis of a recently proposed
class of voting rules called k-APPROVALVETO, offering a compre-
hensive range of trade-offs between the two principles. This class
spans between PLURALITYVETO (for k = 1) — a simple rule achiev-
ing optimal metric distortion — and VoTeBYVETO (for k = m)
which picks a candidate from the proportional veto core. We show
that k-APPROVALVETO has minority protection at least k — 1, and
thus, it accommodates any desired level of minority protection
via the parameter k. However, this comes at the price of lower
social welfare. For the utilitarian objective, the metric distortion
becomes 2 - min(k + 1,m) — 1, i.e., increases linearly in k. For the
a-percentile objective, the metric distortion is the optimal value of 5
for @ > k/(k + 1) and unbounded for ¢ < k/(k + 1), i.e., the range
of « for which the rule achieves optimal distortion becomes smaller.
For the egalitarian objective, the metric distortion is the optimal
value of 3 for all values of k.
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AlL too, will bear in mind this sacred principle, that
though the will of the majority is in all cases to prevail,
that will to be rightful must be reasonable; that the mi-
nority possess their equal rights, which equal law must
protect, and to violate would be oppression.

Thomas Jefferson (in his First Inaugural Address)

If a majority be united by a common interest, the rights
of the minority will be insecure.
James Madison (Federalist No. 51)

1 INTRODUCTION

The foundation of democracy is the majority principle — the ideal
that a decision should be based on the opinion of the majority,
ensuring that the outcome is as good as possible for as many in-
dividuals as possible. However, following this principle in and of
itself poses an immediate risk, commonly known as the majority
tyranny, in which the majority pursues exclusively its own objec-
tives at the expense of the interests of the minority factions. Thus,
constitutional democracies also incorporate the minority principle
— the ideal that the authority of the majority should be limited
to protect individuals or groups from overly bad outcomes. One
of the main challenges in building and maintaining a democracy
is to find the right balance between the contradictory factors of
the majority and minority principles, as pointed out by the third
and fourth presidents of the United States at the opening.

In this paper, we contribute to the crucial effort towards finding
a balance between the two principles by presenting an in-depth
analysis of k-APPROVALVETO [38] — a spectrum of simple voting
rules providing different trade-offs between the two principles.
k-ApprOVALVETO delegates k approval and veto votes to each of
the n voters; k is an integer parameter between 1 and the number
of candidates m. These votes are processed as follows:

Approval Votes First, each voter approves (their most favorite)
k candidates. As a result, each candidate c starts with a score
equal to their k-approval score — the number of voters who have
¢ among their top k choices.

Veto Votes Then, the nk veto votes are processed one by one in
an arbitrary order. A veto vote of voter v starts from v’s bottom
choice (i.e., the candidate ranked lowest by v) among not-yet-
eliminated candidates and eliminates those whose score is 0.
When the veto vote arrives at a candidate ¢ with positive score,
it decrements c’s score by 1 and terminates, i.e., ¢ is not eliminated
even if the score is now 0.
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k-APPROVALVETO declares candidates who are not eliminated
until the end as (tied) winners. Note that the exact choice of win-
ner(s) might differ based on the order in which veto votes are
processed.! We are interested in the set of all candidates who can
emerge as winners for some veto order. We refer to these winners as
the k-approval veto core due to a characterization by Kizilkaya and
Kempe [38] (given in Section 2) reminiscent of definitions of “core”
throughout social choice and game theory. In fact, the possible
winners of m-APPROVALVETO are exactly those in the proportional
veto core [44], discussed below.

As discussed above, we are interested in how k-APPROVALVETO
trades off between the majority and minority principles as the pa-
rameter k is varied. As primary motivation, we consider guarantees
that can be obtained at the extremes k = m and k = 1.

e The m-approval veto core is the same as the proportional veto
core (defined in Section 2), which consists of all candidates that
are not “disproportionately bad” for any coalition of voters large
enough to be considered a minority group. Specifically, if an
a-fraction of voters prefer a 1 —« fraction of candidates over can-
didate c, then c is excluded from the proportional veto core. This
definition coincides with the strongest possible guarantee for
protection of minorities from worst outcomes (bottom choices),
namely, that the winner not be ranked last by strictly more than
n/m voters. This is the best possible guarantee as the rankings
might be divided into n/m groups with distinct bottom choices.

e At the other extreme, 1-APPROVALVETO equals PLURALITYVETO?
[37] which emerged from a line of research towards designing
avoting rule with optimal metric distortion [3, 29, 30, 47]. The key
assumption in metric distortion is that voters and candidates
are jointly embedded in an unknown metric space such that
candidate c is closer to voter v than candidate ¢’ if and only if o
prefers ¢ to ¢’.> Among all such metric spaces, the worst-case
ratio between the total distance of voters to a candidate ¢ and
that of an optimal candidate is referred to as the metric distor-
tion of ¢ (defined formally in Section 4). PLURALITYVETO always
returns a candidate with metric distortion at most 3, which is
the best possible guarantee. Given that the objective is the sum
of all distances, PLURALITYVETO is prone to majority tyranny as
alluded to above, i.e., it sacrifices minorities for the benefit of
the majority, and thus represents an extreme case of ignoring
the minority principle.

These two extreme cases achieve the best possible guarantees,
respectively, for minorities and the majority, albeit under two very
different frameworks. The former follows an axiomatic approach
while the latter follows a welfarist approach. In order to understand
the tradeoff as k is varied, we consider generalizations of both types
of guarantees as follows.

1 As we briefly discuss in Section 5, one can also process the veto votes simultaneously
to avoid the arbitrariness due to the choice of veto order.

To be precise, 1-APPROVALVETO is equivalent to an extension of PLURALITYVETO
allowing for tied outcomes, introduced in [38]; the only difference is that the original
rule immediately eliminates all candidates whose score reaches 0, and thus, it insists
on picking a single winner by declaring the last eliminated candidate as the winner,
even for elections with obvious ties.

3The motivation here is that the distance between a voter and a candidate represents
how much their opinions/positions on key issues differ, or simply, the cost incurred
by the voter if the candidate is elected. This generalizes the classical notion of single-
peaked preferences [12, 21, 43], which considers embeddings specifically on a line
instead of a general metric space.
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e As a parameterized relaxation of the minority protection guar-
anteed by the proportional veto core, we introduce the notion
of Droop* minority protection. Recall that the proportional veto
core offers the strongest possible minority protection from bot-
tom choices: the winner cannot be ranked last by strictly more
than n/m voters. We generalize this requirement by not only
considering bottom choices but the full rankings. Our definition
is inspired by the classical notion of solid coalitions [23]. We say
that a coalition T of voters solidly vetoes a subset S of candidates
if all voters in T prefer all candidates not in S over all candidates
in S. We then define the k-Droop minority criterion as follows: if
a subset S of candidates is solidly vetoed by a coalition T with size
exceeding the k-Droop quota of S (i.e., |T|/n > |S|/(k + 1)), then
no candidate in S should win (because otherwise the outcome
would be disproportionately bad for voters in T). The parameter
k determines the strictness of the requirement. For k = m—1, the
criterion implies the strongest possible minority protection from
bottom choices, similar to the proportional veto core. On the
other hand, for k = 1, it only imposes the minimal requirement
that the winner must not be ranked last by more than half of
the voters. We refer to the largest k for which the criterion is
satisfied as the Droop minority protection. (See Section 3 for the
formal definitions.)

e PLURALITYVETO, or any other rule with optimal metric distortion,
is prone to majority tyranny due to the choice of the social cost
function.®> The framework can be adapted to use other social
cost functions; indeed, Anshelevich et al. [3] also considered
the median social cost (i.e., the median of voters’ distances to
the candidate) for this very reason — focusing on the median
voter reduces the impact of outliers, i.e., voters with very high or
very low costs. More generally, Anshelevich et al. [3] consider
the a-percentile social cost: for any given a € [0, 1), the distance
of the |- n+1]™ closest voter to the candidate, which captures
the implicit goal of protecting minorities comprising a 1 — «
fraction of the population. The most protection to minorities —
namely, every single individual — is provided by the egalitarian
social cost [5], i.e., the maximum distance of all voters to the
candidate. (See Section 4 for the formal definitions.)

Our Contributions

Our main contribution is an analysis of k-APPROVALVETO, for all
values of k, following both the axiomatic and welfarist approaches,
respectively, via the Droop minority protection notion and the
metric distortion framework.

The main result of our axiomatic analysis (presented in Section 3)
is that every candidate in the k-approval veto core (i.e., every pos-
sible winner of k-APPROVALVETO) has Droop minority protection
at least k — 1. This confirms that as k increases, the protection of
minorities under k-APPROVALVETO increase gradually.

We complement the axiomatic analysis with a welfarist analysis
(presented in Section 4) using the metric distortion framework with
respect to various objectives (social cost functions) discussed earlier.
Our main results here can be summarized as follows:

4The naming is in analogy to the notion of the Droop proportionality criterion [22]
which is closely related to our notion, as shown in Section 3.

SThat is, the total distance of voters to a given candidate, which is broadly referred to
as the utilitarian social cost function in economics.
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Theorem 1. Foreveryk € {1,..., m}, the following results hold:

1. Every candidate in the k-approval veto core has metric distortion
at most 2min(k + 1, m) — 1 (with respect to the utilitarian social
cost, i.e., the sum of distances), and this bound is tight.

. Foreverya > % every candidate in the k-approval veto core has
a-percentile metric distortion at most 5, and this bound is tight.

. Foreverya < % there exist instances in which a candidate in the
k-approval veto core has unbounded c-percentile metric distortion.

. Every candidate in the k-approval veto core has egalitarian metric
distortion at most 3, and this bound is tight.

The first result above shows that as k increases, the k-approval
veto core sacrifices the welfare of the majority in return for higher
minority protection, as captured by the axiomatic analysis. Con-
firming this intuition, the second and third results show that as k
increases, the k-approval veto core only optimizes for increasingly
“egalitarian” objectives, aiming to protect minorities comprising at
most a ﬁ fraction of the population, while offering no approxima-
tion guarantees for larger groups. To match the upper bound of 5 for
the case a > %, we prove that for every a € [1/2,1), and every de-
terministic voting rule, there exist inputs on which the a-percentile
distortion of the winner is arbitrarily close to 5. This lower bound
had been previously shown by Anshelevich et al. [3] only for the
range « € [1/2,2/3); we thus close one of the remaining gaps for
(deterministic) metric distortion. Lastly, the fourth result shows
that one can do better in the egalitarian setting, and the k-approval
veto core achieves the optimal distortion of 3, for all k.

A noteworthy corollary of Theorem 1 (combined with our im-
proved lower bound given in Theorem 7) is that PLURALITYVETO
has optimal metric distortion for the utilitarian, median and egal-
itarian objectives, as well as for anything in between, i.e., for the
a-percentile objective for any « € [1/2, 1).

Related Work. The notion of distortion was initially studied in the
setting of (normalized) utilities, i.e., each voter has non-negative
utilities for candidates, adding up to 1 [13, 16, 50, 51]. However,
without further assumptions on the structure of the utilities, the
distortion of all voting rules can be very high [15]. One very natural
and fruitful type of restriction was proposed by Anshelevich et al.
[3, 4], who imposed a metric structure. This metric structure is
much more naturally understood when the utilities are negative,
or equivalently, when we interpret the voters as having costs for
different candidates which are characterized by their distances. The
fact that distances must obey the triangle inequality restricts the
structure of costs, and allows different voting rules to exhibit a
rich range of different distortion values. Among the key results
of Anshelevich et al. [3, 4] was a (tight) bound of 5 on the metric
distortion of the Copeland rule, both with respect to utilitarian and
a-percentile objectives, for any a € [!/2,1). These were (nearly)
matched by a lower bound of 3 for the utilitarian objective, and a
lower bound of 5 for the a-percentile objective for a € [/, 2/s).0
For larger a, the established lower bound was 3.7

For ar < 1/2, the a-percentile distortion of any deterministic voting rule can be easily
seen to be unbounded.

"For ¢ > m771 Anshelevich et al. [3] also gave an upper bound of 3 by showing that
plurality voting achieves this bound.
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The gap between the upper bound of 5 and the lower bound
of 3 on the utilitarian metric distortion of deterministic voting
rules inspired a significant thread of research work. Initially, the
ranked pairs rule was conjectured to achieve distortion 3, which
was disproved by Goel et al. [30] who gave a lower bound of 5,
and also by Kempe [35] who strengthened the lower bound to
Q(+/m). The first improvement was due to Munagala and Wang [47],
who achieved distortion 2 + V5 ~ 4.23 using a novel asymmetric
variant of the Copeland rule. Building on the work of Munagala and
Wang [47] and Kempe [35], the gap was finally closed by Gkatzelis
et al. [29], who showed that the voting rule PLURALITYMATCHING
achieves distortion 3. The voting rule is an exhaustive search for
a candidate whose so-called “domination graph” (see Section 2)
has a perfect matching. Subsequently, Kizilkaya and Kempe [37]
showed that a much simpler voting rule, called PLURALITYVETO,
achieves the same guarantee of 3; the rule implicitly constructs a
perfect matching in the domination graph witnessing the distortion
guarantee, leading to a much shorter proof. Recall that, up to some
subtle tie breaking issues, PLURALITYVETO equals 1-APPROVALVETO;
the only difference is that the former immediately eliminates all
candidates whose score reaches 0, and thus, insists on picking
a single winner.

A more general class of voting rules, based on selecting winners
who have weighted bipartite matchings in a more general domi-
nation graph, was already considered by Gkatzelis et al. [29], and
also by Kizilkaya and Kempe [37]. The connection to the propor-
tional veto core (Definition 3) was observed by Peters [48] and
explored in more depth by Kizilkaya and Kempe [38], who estab-
lished — for general weights — the equivalence between a general
version of k-APPROVALVETO, matchings in generalized domination
graphs, and a general definition of the (p, g)-veto core with weights
P, q (Definition 4). The equivalence to matchings was observed for
the case of the proportional veto core by Ianovski and Kondratev
[32] who use this equivalence to compute the proportional veto
core in polynomial time. The utilitarian metric distortion of can-
didates in the general (p, q)-veto core was investigated in more
depth by Berger et al. [11], motivated in part by the goal of se-
lecting candidates with lower distortion when an oracle provides
advice. We draw significantly on the results of Berger et al. [11]
for the analysis of utilitarian metric distortion of candidates in the
k-approval veto core; we also utilize one of their lemmas for the
a-percentile objective.

Various other considerations have played a role in the analysis
of metric distortion. The use of randomization in the selection
of a winner can significantly improve the metric distortion: an
upper bound of 3 — 0(1) and a lower bound of 2 had been known
from the early work on distortion [8, 36]. In recent breakthrough
results, both the upper and lower bounds have been improved
[17, 18]. Several works have achieved better bounds on metric
distortion when voters can communicate additional information
beyond a ranking, such as (limited) information about the strengths
of their preferences [1, 2, 5]. More generally, the tradeoff between
communication and distortion in voting rules has been considered
[10, 26, 36, 42, 49]. We refer to the surveys by Anshelevich et al.
[6, 7] for further discussion on distortion.
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A sequential veto-based mechanism, called Vote by Veto, was
first studied formally by Mueller [46]. Moulin [44] generalized this
mechanism from individuals to coalitions to study the core of the
resulting cooperative game, and thus introduced the proportional
veto core. Subsequently, Moulin [45] proposed a rule electing from
the proportional veto core (equivalent to m-APPROVALVETO up to
ties), and studied the strategic behavior of voters under this rule.
Tanovski and Kondratev [32] (see also the expanded version [33])
showed how to compute the proportional veto core in polynomial
time and introduced an anonymous and neutral rule electing from
the proportional veto core. More recently, Kondratev and Ianovski
[39] also studied the axiomatic properties of voting rules pick-
ing a candidate from the proportional veto core, which also have
found applications in windfarm location [28], nuclear fuel disposal
[20], and federated learning [19]. To some degree, the veto core is
also related to the notion of proportional fairness, which measures
whether the influence of cohesive groups of voters on the outcome
is proportional to the group size [25].

The trade-off between majority and minority principles has also
been a central topic of interest in other works. Kondratev and Nes-
terov [40] generalized the majority criterion and the majority-loser
criterion for this purpose, and analyzed various rules under these
axioms. However, these criteria do not allow for a comparison of
voting rules that satisfy the mutual majority criterion; in fact, their
analysis concludes that all such rules are “best” under both prin-
ciples, thus failing to capture any trade-off. Faliszewski et al. [27]
follow a more similar approach to our work and explore a contin-
uous spectrum between k-Borda and Chamberlin-Courant voting
rules in the multi-winner setting. These two voting rules, respec-
tively, represent the two extremes of the majority and minority
principles in the multi-winner world. For a detailed overview of
multi-winner elections, see [41].

2 PRELIMINARIES

An election & = (V,C, ?) consists of a set of n voters V, a set of
m candidates C and rankings ¥ = (>u)pev. In this notation, > is
the ranking of voter v, i.e., a total order over C which represents
the preferences of v. We write a >, b to express that voter v prefers
candidate a over candidate b; we write a =, bif a = bora >, b,
and say that v weakly prefers a over b. We also extend this notation
to coalitions, i.e., non-empty subsets of voters. By a > b, we denote
that every voter in the coalition T prefers a over b; we write A >7 B
ifa > bforalla € Aand b € B. The complement symbol is always
used with respect to the “obvious” ground set, ie, T = V \ T if
TCV,andS=C\SifScC.

The top k choices of voter v, denoted by top;(v), are the set
of k candidates that v prefers over all other candidates; we also
use top(v) to denote the top choice of v, i.e., top; (v) = {top(v)}.
The plurality score of a candidate c, denoted by plu(c), is the number
of voters whose top choice is c. The k-approval score of a candi-
date c, denoted by k-apv(c), is the number of voters who have ¢
among their top k choices, i.e., k-apv(c) = [{v € V | ¢ € topy(¢c)}|
and plu(c) = 1-apv(c). Extending this notation to sets via addition,
we define k-apv(S) = Y es k-apv(c) for S € C. Similarly, we write
bot 4 (v) for the least preferred candidate of voter v among a subset
of candidates A.
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A voting rule A is an algorithm that, given an election & as
input, returns a non-empty set of candidates A(E) € C. We refer
to A(E) as the (tied) winners of & under A, or simply as the winners
under A, when & is clear from the context.

k-Approval Veto Core

In game theory, the term “core” is generally used to refer to a set of
outcomes that are not “blocked” by any coalition. In general games,
a coalition is said to block an outcome if the members jointly prefer
to deviate to another outcome. Collective decisions can also be
thought of as outcomes (of a game played between voters) that can
be blocked by coalitions that are sufficiently large, which provides
a game-theoretical perspective on social choice [24].

We refer to the set of all possible winners of k-ApPPROVALVETO
(outlined in the introduction and specified precisely in Algorithm 1)
as the k-approval veto core, because they can be characterized via
a core definition (Definition 1 below) by a result of Kizilkaya and
Kempe [38]. Note that the choice of winner(s) for k-APPROVALVETO
depends on the given veto order — a repeated sequence of voters
o = (v1,...,0p,k) in which each voter occurs exactly k times.

Algorithm 1 k-ApPrROVALVETO with veto order (vy,...,0p,%).

1: initialize the set of eligible winners W = C
2: initialize score(c) = k-apv(c) forallc € C
3: fori=1,...,nk do

4: while score(botyy (v;)) = 0 do

5: remove botyy (v;) from W

6: decrement score(botyy (v;)) by 1

7: return W

As mentioned above, the winners under k-APPROVALVETO can
be characterized by a definition of a notion of core. This definition
is a natural generalization of the proportional veto core of Moulin
[44] as discussed below.

Definition 1 (k-Approval Veto Core [38]). A coalition T C V of
voters k-blocks candidate w with witness set S C C if and only if
S >t wand
IT| oo k—apv(S).
nk
The k-approval veto core of an election & is the set of all candidates
not k-blocked by any coalition, which we denote by AVC(E).

(We drop & from the notation when it is clear from the context.)

Another characterization of the possible winners can be obtained
via k-domination graphs® which are the main technical tool we use
to analyze the metric distortion of k-APPROVALVETO in Section 4.

Definition 2 (k-Domination Graphs [29]). The k-domination graph
of candidate w is a bipartite graph G (w) defined between k copies
of each voter v and k-apv(c) copies of each candidate c. The graph
Gr(w) contains an edge between (each copy of) v and (each copy
of) ¢ if and only if w = c.

8A more general definition then k-domination graphs was first given in [29]. The
definition crystallized earlier similar definitions [35, 47] into a more concise form.
1-domination graphs were the key tool in showing that PLURALITYMATCHING [29] and
PLURALITYVETO [37] achieve the optimal utilitarian metric distortion of 3.
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Definition 1 and Definition 2 characterize the possible winners
of k-ApPROVALVETO by means of Theorem 2 [38].

Theorem 2 (Kizilkaya and Kempe [38], Theorems 1-3). For everyk
and candidate w, the following three statements are equivalent:

(1) w is a winner of k-APPROVALVETO for some veto order.
(2) No coalition k-blocks w, i.e, w € AVCy.
(3) Gr.(w) has a perfect matching.

We remark here that AVCy,_; C AVC,,, because any perfect
matching in Gp,—1(w) can be extended to a perfect matching in
Gum(w) by matching the m'® copy of voter o to s bottom choice.
This construction does not extend to other k, because the edge from
v to the k'® ranked choice of v may not exist in Gy (w) for k < m.
We also remark that in general, the inclusion AVC,,—1 ¢ AVC,,
can be strict. For example, for 3 candidates {a, b, c} and 12 voters
of whom 7rank a = b > cand 5 rank b > a > c, we have that
AVCy = {a} while AVC3 = {a, b}.

Related Notions. The classical notion of proportional veto core by
Moulin [44] (given in Definition 3) is equivalent to the m-approval
veto core because m-apv(S) =n - |S|forall S C C.

Definition 3 (Proportional Veto Core’ [44]). A coalition T C V of
voters blocks candidate ¢ with witness set S C Cif S >7 ¢ and
7|
n

Is|
o

>1-

The proportional veto core is the set of all candidates not blocked by
any coalition.

The k-APPROVALVETO voting rule, the notion of the k-approval
veto core, and the notion of k-domination graphs can all be gener-
alized further, to fractional weights and non-uniform weights not
only for candidates, but also for voters. A general definition and
proof of a general version of Theorem 2 were given by Kizilkaya and
Kempe [38]. The key definition is the following, for any normalized
vectors p, q of weights over voters and candidates, respectively.

Definition 4 ((p, q)-Veto Core [38]). A coalition T C V of voters
(p, q)-blocks candidate ¢ with witness set S € C if S >1 ¢ and
p(T) > 1—q(S). The (p, q) veto core is the set of all candidates not
(p, q)-blocked by any coalition.

The k-approval veto core equals the (p,q)-veto core with
p(v) = % forallv € Vand q(c) = % forallc € C.

3 MINORITY PROTECTION

In this section, we introduce the k-Droop minority criterion, which
we then use to measure the opposition of minorities to a particu-
lar candidate being chosen as the winner. Our main result in this
section is that k-APPROVALVETO provides better protection to pref-
erences of minorities as k increases. We will model minorities as
solid coalitions by deriving inspiration from the well-known notion
of proportionality for solid coalitions

9We slightly rearrange the definition in [44] here for clarity.
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Proportionality for Solid Coalitions

First, consider a single-winner election in which each voter can
only communicate their top choice. The widely accepted majority
criterion requires that if candidate c receives a strict majority of
votes, i.e., plu(c)/n > 1/2, then ¢ must win. This criterion can be
naturally generalized to the election of (a committee of) k winners,
by requiring that any candidate ¢ with plu(c)/n > 1/(k + 1) must
be selected as a winner. Notice that there can be at most k such
candidates.!® The number n/(k + 1) is known as the Droop quota,
and the requirement that any candidate with a number of votes
exceeding the Droop quota be included in the committee (of size k)
is known as the Droop proportionality criterion [22].

When full rankings are available, stronger requirements can be
formulated. For example, if many voters have the same top 2 choices
(possibly in different orders), then both candidates should be part
of the committee. This idea can be captured more generally via
the notion of solid coalitions, popularized by Dummett [23].11

Definition 5 (Solid Support [23]). A coalition T C V solidly sup-
ports a subset of candidates S € Cif S >t S, i.e., all voters in T have
S as their top choices (though possibly in different orders).

Note that each singleton coalition {v} solidly supports top(v);
thus, the relation of T solidly supporting S is an extension of the
relation of ¢ being the top choice of v.

Definition 6 (Weak!? Droop Proportionality Criterion [9, 34, 48]).
A committee K C C of size k satisfies the weak Droop proportionality
criterion (for solid coalitions) if, for all subsets S of candidates solidly
supported by a coalition T with size exceeding the Droop quota of S
(i.e., |T|/n > |S|/(k + 1)), all candidates in S are in K (i.e., S C K).

This criterion is closely related to the criterion we propose for
minority protection. Indeed, we will show in Proposition 1 that
they are equivalent when the rankings of all voters are reversed;
but first, we provide the intuition behind our criterion, and formally
define it in Definition 7.

k-Droop Minority Criterion
Recall that any candidate ranked last by more than n/m voters
cannot be in the proportional veto core. This guarantee protects
minority groups (whose size exceeds n/m) from the worst possible
outcome for the group. Analogously to the majority criterion, this
is the best guarantee one can hope for when each voter can only
communicate their bottom choice (instead of top choices) because
there might be n/m distinct groups with different bottom choices.
As for the weak Droop proportionality criterion, we can generalize
this basic requirement via solid coalitions when full rankings are
available (rather than just bottom choices); e.g., if many voters have
the same bottom two choices, then they both should not be elected.
However, this strong minority protection comes at a high cost
in terms of the metric distortion, a good stand-in for social welfare.
100f course, it is possible that no candidate satisfies this criterion, just as it is possible
that no candidate achieves a majority in a single-winner election.
1130lid coalitions are used extensively in social choice theory, most notably in the
well-known mutual majority criterion; indeed, the mutual majority criterion is exactly
the single-winner case of the weak Droop proportionality criterion (Definition 6).
12The standard (non-weak) version [9] requires that for all subsets S of candidates

solidly supported by a coalition T with size |T|/n > ¢/ (k + 1) where £ < |S|, at least
¢ candidates in S should be in the committee.
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This motivates us to propose a parameterized definition of minority
protection which interpolates smoothly between the strong require-
ments imposed by the proportional veto core and essentially no
protection of the minority. Such a definition will then allow us to
study the tradeoffs between protection of minorities and welfare
of the majority, quantifying and analyzing the tradeoffs outlined
in the initial quotes of Jefferson and Madison. In the same spirit as
Definition 5 and Definition 6, we define solidly vetoing coalitions
and the k-Droop minority criterion, respectively, as follows:

Definition 7 (Solid Veto and Droop Minority Criterion). Given

an election & = (V,C, ;):

(1) A coalition T C V solidly vetoes S C Cif S 1 S.

(2) A candidate w satisfies the k-Droop minority criterion (for solid
coalitions) if the following holds for all subsets S of candidates:
if S is solidly vetoed by a coalition T with size exceeding the
k-Droop quota of S (i.e., |T|/n > |S|/(k + 1)), then w ¢ S.

We write DMCy (E) to denote the set of all candidates satisfying
the k-Droop minority criterion. (We will drop & from the notation
when it is clear from the context.)

While the parameter k is originally inspired by the size of the
committee, in Definition 7, it is used as a measure of how strictly
minorities should be protected. The relationship to the commit-
tee size, and between the k-Droop minority criterion and the Droop
proportionality criterion, are captured by the following proposition.
The proof is deferred to the full version of this paper.

Proposition 1. A committee K of size k satisfies the weak Droop
proportionality criterion if and only if all candidates in K satisfy
the k-Droop minority criterion in the election with reversed rankings.

In Definition 7, if T exceeds the k-Droop quota of S, then it also
exceeds the ¢-Droop quota of S for all £ > k. Thus, DMC; C
DMC._ for all k, i.e., the k-Droop minority criterion gets harder to
satisfy for larger k. In particular, DMCy = C contains all candidates,
and DMC,, = 0 (by considering T = V and S = C). As a result, for
every candidate c, there exists a unique k € {0, ..., m— 1} such that
¢ € DMCy \ DMCp,q; this gives rise to a well-defined measure,
which we refer to as the Droop minority protection of candidate c.

Our main result in this section is the following theorem, showing
that higher values of k provide higher Droop minority protection
for candidates in the k-approval veto core.

Theorem 3. The Droop minority protection of every candidate in
the k-approval veto core is at least k — 1, i.e, AVC C DMCy_;.

Proor. We show that DMCp_; C AVCy. Let ¢ ¢ DMCy_;.
Then, there exists a coalition T solidly vetoing a subset of candi-

dates S 3 ¢ sucli that % > (klslllﬂ = lkﬂ Now, considering S,
we observe that S > ¢ and k-apv(S) = nk — k-apv(S) > nk — n|S|;
hence, li—l >1- %. Substituting this inequality, we obtain

that ‘ln‘ >1- k_%}i(s). By Definition 1, this means that T k-blocks

¢ with witness set S. Hence, ¢ ¢ AVCy. O

The above lower bound of k — 1 is not tight. Indeed, the Droop
minority protection of every candidate in the 1-approval veto core
is at least 1. This is because DM(C; consists of exactly the candidates
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that are ranked last by at most n/2 voters, and candidates that are
ranked last by strictly more than n/2 voters cannot possibly win
under 1-APPROVALVETO = PLURALITYVETO.

4 METRIC DISTORTION

In this section, we present a complete analysis of the metric dis-
tortion of the k-approval veto core. We begin by reviewing the
relevant definitions.

Framework

A metric over a set S is a function d : S X S — R3¢ which satis-
fies the following three conditions for all a, b, c € S: (1) Positive
Definiteness: d(a,b) = 0 if and only!? if a = b; (2) Symmetry:
d(a,b) = d(b, a); (3) Triangle inequality: d(a,b) + d(b,c) > d(a,c).
Given an election & = (V, C, ?), we say that a metric d over VUC is
consistent with the rankings =, and write d ~ ¥, ifd(o,¢) < d(v,¢")
forallo € Vandc, ¢’ € Csuchthatc >, .

The metric distortion framework of Anshelevich et al. [3] char-
acterizes the quality of a candidate w (chosen as the winner) based
on the distances between voters and w. Specifically, we study
the following three notions of social cost. Given a candidate w
and a metric d ~ =, (1) the utilitarian social cost of w is defined
as costg(w) = Yoev d(v,w); (2) the a-percentile social cost of
w, for a given « € [0,1), is defined as costg(w) = d(vg(w),w)
where vg(w) denotes the [an + 1| closest voter to w under d;
and (3) the egalitarian social cost of w is defined as costll(w) =
maxyey d(v, w).1* The metric distortion of a candidate under utili-
tarian, a-percentile, or egalitarian social cost is defined as follows.

Definition 8 (Metric Distortion). Under the social cost objective

x € {4, @, 1}, the (metric) distortion of a candidate ¢ in an election

& is the largest possible ratio between the social cost of ¢ and that

of an optimal candidate c; under any metric d ~ . That is,

costz (c)

dist; () = sup —"—~.
d~5 costy(cy)

We refer to dist:rg (¢), distf‘g(c) and disté(c), respectively, as the

utilitarian, the a-percentile and the egalitarian (metric) distortion

of candidate c. Extending the notion to voting rules, we say that

a voting rule A has distortion (at most) 0 if dist’; (w) < 0 for every

election & and for every winner w of & under A, i.e., dist*(A) =

maxg max,,c z(g) dist; (w).

Utilitarian Metric Distortion

We begin by pinning down the most frequently studied notion of
distortion, namely, utilitarian metric distortion, of candidates in the
k-approval veto core, for all k. The upper bound for k < m follows
from a recent bound by Berger et al. [11] for the (p, q)-veto core
(see Definition 4). Our main contribution is therefore an improved
bound for k = m (i.e., the proportional veto core, see Definition 3)
and a matching lower bound for all k.

BOur proofs do not require the “only if” condition, so technically, all our results hold
for pseudo-metrics, not just metrics.

4Note that the egalitarian social cost is not subsumed by the a-percentile social cost
as the latter is not well-defined for o = 1.
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Theorem 4. The utilitarian metric distortion of every candidate
in the k-approval veto core is at most 2min(k + 1,m) — 1 and this
bound is tight, i.e., for all k, there is an election & with dist:rS (c) =
2min(k + 1,m) — 1 for some c € AVCL(E).

We begin by proving the upper bound. For k < m, as mentioned
above, we can use the following result by Berger et al. [11]:

Lemma 1 (Corollary 3.12 of Berger et al. [11]). The distortion of
every candidate in the (p, q)-veto core is at most
2
| 2maxo ()

q(c)
plu(c)

As discussed previously, the k-approval veto core is the spe-

ming

cial case p(v) = % for all v € V and q(c) = k_%z(c) for all ¢ € G;
plu(c)
k-apv(c)”
plu(c) < k-apv(c) for all ¢ € C, this implies an upper bound of
2k + 1 for the k-approval veto core, matching the claimed upper
bound in Theorem 4 for k < m. While the proof follows easily from
Lemma 1, the latter has a rather involved proof. (In the full version,
we give a simpler proof using the flow technique of Kempe [35].)

To give an improved upper bound of 2m — 1 for the case k = m,
i.e., for the proportional veto core, we utilize the following lemma
of Anshelevich et al. [4]:

here, the bound of Lemma 1 reduces to 1 + 2k max, Since

Lemma 2 (Anshelevich et al. [4], Lemma 6). For every pair of
candidates w # ¢* and for all metrics d consistent with the rankings,
2n

cost’ (w)
-1
costh(c*) = [{o | w iy '}

Using this lemma, we prove the bound by contrapositive. For
any candidate ¢ such that [{v | ¢ >, ¢*}| = n/m, Lemma 2 directly
implies a distortion of at most 2m—1. Therefore, consider a candidate
¢ such that fewer than n/m voters prefer ¢ over c¢*, so strictly more
than n — (n/m) voters prefer ¢* over c. Since m-apv(c*) = n, this
means that the coalition of all voters v with ¢* >, ¢ m-blocks ¢ with
witness set {c*}. Hence, ¢ is not in AVC,.

We complete the proof of Theorem 4 by giving matching lower
bounds for all k in Lemma 3; the proof is deferred to the full version.

Lemma 3. Forallk ande > 0, there is an election & with dist:{; (c) =
2min(k + 1,m) — 1 — € for some c € AVCL(E).

a-Percentile Metric Distortion

In this section, we show that the a-percentile distortion of every
candidate in the k-approval veto core is at most 5 for & > k/(k + 1)
(Theorem 5), and unbounded for a < k/(k + 1) (Theorem 6). In
particular, PLURALITYVETO has a-percentile distortion at most 5
for all @ > /2, which we show to be the best possible bound for
any (deterministic) voting rule (Theorem 7). Previously, Anshele-
vich et al. [3] had shown that the a-percentile distortion of every
voting rule is unbounded for « € [0, 1/2), at least 5 for a € [1/22/3),
and at least 3 for a € [?/5,1). Thus, we improve their lower bound
from 3 to 5 for @ € [2/5, 1). This establishes that PLURALITYVETO is
an optimal voting rule in terms of a-percentile distortion for all a.
The only other rule that is known to achieve constant a-percentile
distortion is the Copeland rule, which enjoys the same bound of 5
for all @ > !/2. Our analysis uses the following two lemmas:
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Lemma 4 (Anshelevich et al. [3], Lemma 29). For everya € [0,1),
and pair of candidates ¢ and ¢, costg(c) < costg‘(c’) +d(c,c’).

Lemma 5 (Berger et al. [11], Lemma 3.9). For every pair of voters
v andv’, and every pair of candidates ¢ and ¢’, if ¢ =, top(v’), then
for every metric consistent with the rankings,
d(c,c’
d(v,¢’) +d(,c’) > Q
Theorem 5. The a-percentile distortion of every candidate in the
k-approval veto core is at most 5 for all & > k

k+1°

Proor. Fix some k € {1,...,m}and @ > k/(k +1). Let & =
(V,C, ?) be an election, and let d ~ > be a metric consistent with
the rankings. Let w € AVCp, and let ¢* be an optimal candidate
under d. We distinguish two cases, based on whether w and ¢* are
“close” to each other (compared to the cost of w) or not.

Ifd(w,c*) < % . costs(w), then using Lemma 4, we obtain

cost(c") > cost(w) —d(w,c")

4 1
> Costs(w) e costg(w) =c ~costg(w).

Ifcostg (w) < % -d(w, ¢*), we show that there are at least n/ (k+1)
voters v with distance d(v,c¢*) > d(w,c*)/4, which implies that
costg(c*) > d(w, c*)/4. Assume for contradiction that this is not
the case, i.e., the set V/ = {v € V | d(v,c*) < d(w,c*)/4} contains
strictly more than nk/(k + 1) voters.

Consider the set of candidates C’ = {top(v) | v € V’} which are
the top choice of at least one voter in V’. Then, the total plurality
score P := Y .ccr plu(c) > |V’| > nk/(k + 1), and the bipartite
graph Gy (w) contains at least P copies of candidates in C’ (possibly
more, by considering lower rankings when k > 1). Furthermore,
for any v,0” € V', we have that d(v, ¢*) + d(v/,c*) < d(w,c*)/2.
Then, Lemma 5 implies that no voter v € V” prefers w over top(v”)
for any o’ € V’. As a result, G (w) cannot contain any edges from
copies of v € V' to any copies of candidates ¢ € C’. In other words,
the only edges to copies of candidates ¢ € C’ can come from copies
of voters v ¢ V’; and since there are strictly fewer than n/(k + 1)
voters not in V’, there are strictly fewer than nk/(k + 1) such
copies. On the other hand, we argued above that Gy (w) contains
at least P > nk/(k + 1) copies of candidates in C’. Thus, we have
exhibited a set of P nodes in G (w) whose neighborhood contains
strictly fewer than P nodes. By Hall’s marriage theorem, G (w)
does not have a perfect matching, contradicting the assumption of
the theorem that w € AVCy. O

We next show matching lower bounds. First, we show (in the full
version) that for a < %, the a-percentile distortion of candidates
in the k-approval veto core may be unbounded.

Theorem 6. Forall a < kle there exists an election & such that

dist‘é (w) = oo for all candidates w € AVCy(E).

Next, we show (also in the full version) that no deterministic
voting rule can achieve a-percentile distortion smaller than 5, for
any a < 1. The proof is based on a straightforward extension of
the construction of Anshelevich et al. [3].

Theorem 7. For every (deterministic) voting rule A, and constants
a € [1/2,1) and € > 0, there exists an election & and candidate
w € A(E) such that distg (w) =5 —e.
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Egalitarian Metric Distortion

Here, we show that all candidates in the k-approval veto core, for
all k, have egalitarian (metric) distortion at most 3, which is known
to be the best possible guarantee [5]. This is based on the key
observation that very minimal conditions are enough to ensure
egalitarian distortion at most 3; in particular, all Pareto efficient
candidates have egalitarian distortion at most 3. We begin by re-
calling the definition of Pareto domination:

Definition 9 (Pareto domination). A candidate c is Pareto domi-
nated by a candidate ¢’ if ¢’ >, ¢ for every voter . If a candidate c is
not Pareto dominated by any candidate ¢’, then c is Pareto efficient.

We first adapt (in the full version) the proof of Theorem 30 of
Anshelevich et al. [3], and show that if candidate c is not Pareto
dominated by candidate ¢’, the egalitarian distortion of ¢ cannot be
much higher than that of ¢’.

Lemma 6. LetE = (V,C, ;) be an election andd ~ = be a metric.
Ifc and ¢’ are candidates such that ¢’ does not Pareto dominate c,
then costcli(c) <3- cost(li(c’).

Because any Pareto efficient candidate c satisfies the condition
of Lemma 6 for the optimal candidate ¢*(= ¢’), we immediately
obtain the following corollary:

Corollary 1. Every Pareto efficient candidate c has egalitarian metric
distortion at most 3.

Every candidate in the proportional veto core is Pareto efficient
because the grand coalition (of all voters) m-blocks every Pareto
dominated candidate: this shows that the egalitarian distortion of
every candidate in the proportional veto core is at most 3.

In extending this result to the k-approval veto core for k < m,
we face the obstacle that the k-approval veto core can contain
Pareto-dominated candidates. This was observed for the case k = 1
by Kizilkaya and Kempe [38] who showed that such domination
was only possible in a very limited sense: both the dominated and
dominating candidate had to have plurality score 0. We extend this
insight to the k-approval veto core in the following lemma, whose
proof is given in the full version.

Lemma 7. Let & be an election, and ¢ € AVCy such that c is
Pareto-dominated by c¢’. Then, k-apv(c’) = 0.

We are now ready to state and prove our main theorem on
the egalitarian distortion of the k-approval veto core.

Theorem 8. Foreveryk, the egalitarian distortion of every candidate
in the k-approval veto core is at most 3.

Proor. Fix an election & = (V, C, ;) and a metric d ~ ? and
let w be a candidate in the k-approval veto core. Let ¢* be an optimal
candidate under d. If ¢* does not Pareto-dominate w, then the result
follows immediately by applying Lemma 6 to w and c*.

Otherwise, by Lemma 7, we first obtain that k-apv(c*) = 0. By
Theorem 2, there is a perfect matching M of Gy (w). Let v be a most
distant voter from w under d. Gi(w) must contain k copies of v,
all of which are matched under M (possibly to multiple copies of
the same candidate). Let ¢ be any candidate such that v is matched
to at least one copy of c. Because w > c by definition of the edges
of Gg(w) and cost;(c) > d(c,v) by definition of egalitarian cost,
we can bound cost(li(w) =d(w,0) <d(c,0) < cost(li(c).
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Next, we observe that because Gy (w) contained a copy of ¢, and
the number of copies of ¢ is k-apv(c), we get that k-apv(c) > 0,
whereas k-apv(c*) = 0. Therefore, at least one voter (ranking ¢ in
the top k positions) prefers ¢ over ¢*; in particular, ¢* cannot Pareto-
dominate c. By Lemma 6, this implies that cost{li(c) <3 cost{li(c*),
and hence cost;(w) <3 cost}i(c*). o

5 CONCLUSION AND FUTURE DIRECTIONS

Our analysis shows that as k increases, k-APPROVALVETO sacrifices
welfare gradually to enhance minority protection. Along with its
simplicity, this makes k-APPROVALVETO potentially practical for
settings where it is desirable to balance the majority and minor-
ity principles. Therefore, studying other axiomatic properties of
k-ArPROVALVETO would be of interest. For instance, as stated, the
rule violates the essential axiom of anonymity (i.e., the requirement
that all voters be treated equally a priori). However, by processing
veto votes simultaneously, as shown in [38], both anonymity and
neutrality (i.e., the counterpart of anonymity for candidates) can
be satisfied.

Another practical aspect of k-APPROVALVETO is that the param-
eter k (i.e., the number of approval votes) provides an intuitive
means to adjust the desired level of (Droop) minority protection,
albeit at the cost of some social welfare. Perhaps the most signif-
icant question about this trade-off is whether k-APPROVALVETO
achieves the optimal balance, i.e., the minimal loss in welfare to
reach the desired level of minority protection. Specifically, we leave
determining the best achievable metric distortion by a voting rule
satisfying the k-Droop minority criterion as an open question. Ex-
ploring the Droop minority protection of other voting rules could
be a valuable step towards this challenging goal. On a related note,
it would also be of interest to study Droop minority protection
in comparison with other notions such as normalized distortion
[13, 16, 50, 51], and/or in more general settings such as randomized
voting [8, 17, 18, 31].

A strong assumption in our k-Droop minority criterion is that
minorities are modeled as coalitions solidly vetoing a subset of
candidates S, i.e., all members of the coalition rank candidates in
S at the bottom (in some order). However, this assumption is of-
ten unrealistic in practice, as minorities rarely form perfectly solid
coalitions. Hence, an important direction for future work is to ex-
tend the k-Droop minority criterion to accommodate more robust
models of minorities. This direction is in parallel with the work
of Brill and Peters [14] exploring robust and verifiable proportion-
ality axioms (such as EJR+ and PJR+) in the multi-winner voting
setting. A similar approach could be pursued here, as the k-Droop
minority criterion is equivalent to the Droop proportionality crite-
rion when the rankings are reversed. In connection with this work,
it would also be of interest to investigate the hardness of verifying
whether a given candidate satisfies the k-Droop minority criterion.
For k = m — 1, the verification problem can be solved in polynomial
time, as shown by Ianovski and Kondratev [32], since the criterion
precisely recovers the proportional veto core.
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